We present a general theoretical method for deriving effective susceptibilities for (non)linear optical scattering processes of arbitrary order using the reciprocity principle. This method allows us to formulate a generalized treatment of nonlinear optical scattering and deduce selection rules independent of the precise mechanism of light-matter interaction. We particularize this approach to second-order sum frequency scattering from an inhomogeneous medium and consider the limiting cases of small particle scattering, refractive index matched (Rayleigh-Gans-Debye) scattering, small refractive index contrast (Wentzel-Kramers-Brillouin) scattering and correlated scattering. We compare the derived expressions to experimental results of sum frequency scattering from monodisperse particles in suspension with varying sizes.
I. INTRODUCTION
Nonlinear optical techniques have become well established tools to study the properties of various media. 1 Bulk sum-and difference frequency generation are often used to investigate the molecular properties of solids. 2 Even-order optical techniques like sum frequency generation 1 and five wave mixing [3] [4] [5] [6] are very well suited to study the physical and chemical properties of interfaces. One of the key elements of these approaches is the coherent character of the detected light, which limits these techniques to the study of macroscopically flat surfaces. Only recently, attempts have been made to expand these surface specific techniques to investigate the properties of nonplanar surfaces, in particular to particles dispersed in dilute suspensions. [7] [8] [9] [10] Theoretically, several studies have been performed with the aim of modelling the radiation emitted in a nonlinear scattering event. These studies include second harmonic scattering from small dielectric 8, 11 and metallic 12, 13 spheres, from an ordered lattice 14 and from a small metallic hemispherical boss. 15 All of these investigations are aimed at finding a model for second harmonic generation (SHG) scattering from a typical-mostly spherical-particle shape. No description exists of a general scattering event of arbitrary order from an arbitrary shaped particle.
Previously, we have experimentally demonstrated the development of a novel molecular specific technique of sum frequency scattering. 9 This can result in access to a wealth of information on the physico-chemical molecular properties of the surfaces of vesicles, micelles and nanoparticles. In this paper, we introduce the concept of effective susceptibility for a (non)linear scattering event of arbitrary ͑nth͒ order from the reciprocity principle, which provides a general theoretical framework for nonlinear-optical scattering. This enables us to derive selection rules for different experimental geometries based on symmetry arguments alone. We then consider different limiting cases for sum frequency generation (SFG) scattering, for which appropriate assumptions exist. In particular we will consider small particle scattering, index matched (nonlinear Rayleigh-Gans-Debye) scattering, small contrast (nonlinear Wentzel-Kramers-Brillouin) scattering and correlated scattering. Finally, we will compare the results of the nonlinear Rayleigh-Gans-Debye (RGD) and WentzelKramers-Brillouin (WKB) approximations with infraredvisible SFG scattering experiments from submicron sized colloids in suspension.
II. THEORY
The nonlinear response of a material to incident electromagnetic waves is usually described in terms of the nonlinear polarization. The polarization is related to the incoming field(s) by the nonlinear susceptibility J. Consequently, the susceptibility is a measure of how much polarization is built up in the medium by the incident fields. The incoming fields are considered to be composed of monochromatic plane waves of the form:
͑1͒
with E the scalar amplitude of the wave and u ␣ the unit polarization vector (␣ denotes the polarization state). This restriction limits the further applicability to beams with a low intensity gradient in the beam waist, i.e. excludes tightly focused pulses as in Refs. 16 and 17. As the fields interact with the medium, there are two effects that modify the build-up of the local nonlinear polarization: a microscopic local field correction due to dipole-dipole interactions, and a change in the average macroscopic field due to the linear optical properties of the medium (see Ref. 15 , and references therein). The first can be taken into account by the local LorentzLorenz correction, 18 which we will not take into account in this description (but can be readily done). The latter can be implemented by using Fresnel-type coefficients L ␣ ͑r͒, which describe the modification of the local field by the particle (note that far from the particle L ␣ ͑r͒ → u ␣ ), so that the local field becomes
The most general form of the non-locally-induced nonlinear polarization reads as
which also includes any possible interaction with the magnetic field of the optical waves. 19 In particular, this allows us to set the optical magnetic permeability ͑͒ϵ1 without loss of generality in the following. Apart from assuming plane waves, we also restrict ourselves to detection in the far field. No other restriction (e.g., on the nature of light-matter interaction) is assumed in this section.
A. Reciprocity
Consider two different current sources j 1 ͑r͒ and j 2 ͑r͒ emitting optical fields E 1 and E 2 at a single frequency. Then the relationship between the currents j 1,2 and the fields E 1,2 is given by the following relation 19
where the integrals are taken over the volumes of the sources and the † denotes that all nonreciprocal interactions must be reversed in the calculation of the radiated field E 1 † ͑r͒ (see Ref. 20) . Equation (4) is known as the reciprocity theorem and is one of the basic concepts in physics. In linear optics reciprocity arises from the following (Onsager) symmetry of the linear susceptibility 20 J ij ͑r,r 1 
where J † is the susceptibility of the same medium after application of the time-inversion operation. The application of the time-inversion operation is relevant for example, in magnetic materials where it reverses the direction of the dc media magnetization. In nonmagnetic media, which can be described by a local dielectric response, this leads to a symmetric dielectric response tensor ⑀ J ij ͑r͒ = ⑀ J ji ͑r͒. Note that light absorption, which is an intrinsically nonreversible process, does not affect the reciprocity. The Onsager symmetry [Eq. (5)] yields a general relation between results of two experimental situations, in which the position of a monochromatic light source and a detector are exchanged. [19] [20] [21] [22] As the current and polarization are related by j = ͑‫ץ‬P / ‫ץ‬t͒, the reciprocity theorem can be used to describe (non)linearoptical scattering from a particle. One can consider the two situations that are sketched in Fig. 1 . In the first we are dealing with a current source (j 1 ) induced in the scattering particle by an nth order nonlinear optical interaction with n incoming waves that emits a field E 1 which is detected at position r 0 . In the second situation we are dealing with a dipolar point source located at r 0 having a current j 2 ϳ␦͑r − r 0 ͒ that induces a field E 2 in the particle.
Assuming that the detector is placed in the Fraunhofer zone, the wave incident from the detector on the particle can be treated as a plane wave. Knowing the relation between j 2 and the distribution of the local field E 2 ͑r͒ it induces in the particle, we can employ the reciprocity theorem, Eq. (4), to evaluate the field E 1 at the detector position, which can have two orthogonal polarization components. To calculate its amplitude E ␣ 0 k 0 in a given polarization state ␣ 0 , one has to choose the direction of j 2 along the polarization vector. Here k 0 denotes the wave vector of the wave scattered into the direction of the detector. Thus, the calculation of the emitted field is now transformed into the problem of finding the local field distribution induced by a plane wave of frequency 0 . The result can be written in the form
Here ␣ 1 , ... ,␣ n and k 1 , ... ,k n denote the polarization state and the wave vectors of the incident plane waves and FIG. 1. Two different current sources. Current source 1 is the scattering object (with the center of mass placed at the origin), in which the currents are induced by an nth order nonlinear optical interaction. E 1 is the field measured by a detector at r 0 . Current source 2 is a point dipole. E 2 is the field experienced by the particle.
can be interpreted as an effective nonlinear polarizability of the scattering object. It is analogous to atomic or molecular polarizability, which is often introduced to describe the nonlinear-optical interactions in, e.g., gases with the exception that ⌫ ␣ 0 ,␣ 1 ,¯,␣ n k 0 ,k 1 ,¯,k n is not only a property of the scattering object, but also depends on the experimental geometry via the wave vectors k 0 , k 1 , ... ,k n of the interacting waves. In its essence, this treatment replaces an extended scattering object, which could have any complex internal structure with any nature of internal nonlinear interaction, by a simple point object with dipole nonlinear polarizability given by Eq. (7) that creates exactly the same scattered field at the position of the detector for a given experimental configuration. Thus, the reciprocity theorem allows us to reformulate the problem in a way that is symmetric with respect to the incident and outgoing fields. This intrinsic symmetry of Eq. (7) ensures reciprocity on the level of the field scattered by the whole particle. One can also show that this symmetry is needed in nonabsorbing systems to ensure energy conservation and the Manley-Rowe relations 23 requiring that equal amount of photons are emitted into or absorbed from each interacting wave.
B. Symmetry
In nonlinear optics one often applies symmetry arguments on the level of the susceptibility J. The effective susceptibility presented in Eq. (7) is an integrated quantity, which is not a function of the scattering object alone, but also depends on the experimental geometry via the wave vectors k i . Still, one can apply the symmetry operations to the whole scattering geometry. 24 Thus, particle symmetry (like, e.g., inversion symmetry) is no longer the sole factor of relevance. This allows us to directly formulate selection rules for different scattering events, independent of the mechanisms of linearand nonlinear-light-matter interactions.
For example, when using a planar geometry, (i.e., all incident and scattered beams lie within one (scattering) plane), the polarization direction of the waves parallel (perpendicular) to that plane are defined as p͑s͒. If the particle is symmetric with respect to the scattering plane, then, upon reflection in the symmetry plane all p-polarized waves and J remain unchanged, whereas the s-polarized waves change phase by a factor of . The induced polarization should be the same for both cases. Hence for all nth order scattering processes all elements of ⌫ J For situations with an additional twofold rotational symmetry (which is the case in second harmonic scattering, when detection is in the forward, or backward direction) no even-harmonic scattering can occur as the only allowed elements must have both an even number of s-and p-polarized waves. This symmetry is broken if one uses noncollinear input waves of different frequencies (which occurs for example in infrared-visible sum frequency generation).
III. SUM FREQUENCY SCATTERING
The solutions to Eqs. (6) and (7) for the scattered fields depend on the order of the scattering event and on possible simplifications imposed by the symmetry of the geometry. In the following description we focus on second-order scattering processes. For dielectric and metallic spherical particles an exact treatment (Mie theory) exists for second harmonic scattering, in which the amplitude of the scattered wave is expressed as a set of absolutely converging series of complex terms, which involve spherical harmonics and Bessel functions of increasing order. 8, 12 For the special case of secondorder sum frequency scattering the effective susceptibility [(Eq. (7))] becomes:
We will use this expression as a starting point for sum frequency scattering from small particles (Sec. III A). In Secs. III B and III C we will implement approximations that are generally employed in nonlinear surface spectroscopy.
A. Small particles
To consider the scattering from small particles (with size dimension ) we decompose the local-field factors into even and odd parts as
where
where L ␣ k and L ␣ −k are the normalized local fields of the wave, propagating in the forward and backward directions.
The interactions are now split into a centrosymmetric [Eq. (10) ] and an anticentrosymmetric part [Eq. (11) ]. Expanded in powers of / , the lowest order contribution to L ␣ k,even
͑r͒, is determined by ͑ / ͒ 1 . If we expand the phase factors in Eq. (7) as well, we can decompose the effective susceptibility [Eq. (7)] in powers of / . The zeroth-order contains all even parts of the local field
The next order in ͑ / ͒ is obtained by expanding the phase factor in Eq. (8) or by using the odd part for one of the local fields yielding:
For a centrosymmetric particle we have upon inversion of the spatial coordinates: J͑r,r 1 ,r 2 ͒ = − J͑− r,− r 1 ,− r 2 ͒ ͑ 14͒
and for the local fields we have upon inversion,
Thus, for all second-order (and other even-order) nonlinear processes the leading order [Eq. (12)], vanishes since the contribution to the integral at ͕r , r 1 , r 2 ͖ is cancelled exactly by that at ͕−r ,−r 1 ,−r 2 ͖. The first nonvanishing terms are given by Eq. (13). For a noncentrosymmetric object (with a noncentrosymmetric shape or made of noncentrosymmetric material), Eq. (12) is the leading-order term.
In the limit of small scattering particles one can separate the properties of the scattering objects from the experimental geometry. In the zeroth-order approximation L ␣ k,even is given by the electrostatic ͑k → 0͒ approximation, which can be written as L ␣ k,even ͑r͒ϷL J static ͑r͒ · u ␣ where L static ͑r͒ is a second-rank tensor. The next term, linear in k, leads to a nonzero contribution:
This separates the experimental geometry (contained in k and u ␣ ) from the particle properties in the field factors. The omitted terms are of second or higher order in ͑ / ͒, which can be neglected for small particles. For small particles we can expand ⌫ ␣ 0 ,␣ 1 ,␣ 2 k 0 ,k 1 ,k 2 as
where the third-rank ⌫ J d and the forth-rank ⌫ J Q tensors describe the dipole ͑d͒ and quadrupole ͑Q͒ contributions and depend on the properties of the scattering object only. For SHG scattering from small spheres the above expression has been evaluated previously by Dadap et al. 
B. Index matched particles
In Secs. III B and III C we consider nonlinear indexmatched Rayleigh-Gans-Debye (RGD) and small contrast Wentzel-Kramers-Brillouin (WKB) scattering. From now on, we shall restrict ourselves to a local form of the second-order susceptibility, i.e., J͑r , r 1 , r 2 ͒ = ͑2͒ ͑r͒␦͑r − r 1 ͒␦͑r − r 2 ͒. Furthermore, we shall assume that the scattering particles are made of centrosymmetric material so that ͑2͒ ͑r͒ is nonvanishing only at the particle surface. These assumptions are very common in nonlinear surface spectroscopy. 25 Equation (8) then takes the form of a surface integral,
Before considering the cases of index matched and small index contrast scattering, we remark that the optical fields in the vicinity of an interface can be strongly screened by the surface. The local-field factors L ␣ k depend on whether the fields are evaluated outside or inside the particle.
15 ͑2͒ appearing in Eq. (18) is an effective integrated nonlinear susceptibility, which must include the surface screening effects (that are intrinsically nonlocal). Consequently, the values of the elements of ͑2͒ depend on the definitions adopted. It is assumed in this work that the fields are evaluated at the outer side of the particle surface and the nonlinear source is located outside. Furthermore, Eq. (18) assumes that the curvature of the particle surface is small on the scale of the screening length so that the concept of the effective surface susceptibility 26 is applicable.
Equation ( The effective second-order polarizability can then be written as:
with q =−k 0 + k 1 + k 2 =the scattering wave vector. For an arbitrary particle shape we can now find the scattered field, Eq. (6), in terms of ⌫ ͑2͒ . It is enlightening to draw an analogy between sum frequency scattering and conventional sum frequency generation from an (effective) planar surface. 26 We define this effective surface (lower panel of Fig. 2 ) to be orthogonal to the scattering wave vector q (illustrated in the top panel of Fig.  2 ). Thus, we can envisage the scattering particle as an effective surface with its normal ͑Z͒ parallel to q. In sum frequency generation from a surface it is the interface that breaks the inversion symmetry, leading to a second-order nonlinear response. For a centrosymmetric index-matched particle it is the spatial variation of the phase factor e iq·r , which lifts the inversion symmetry. In this picture, ⌫ ͑2͒ plays the role of the effective susceptibility of a surface. For a symmetric particle (similar to an isotropic surface) there are only four independent elements: ⌫ ЌЌЌ ͑2͒ , ⌫ Ќʈ ʈ ͑2͒ , ⌫ ʈЌʈ ͑2͒ , and
, where Ќ refers to directions perpendicular to the effective surface (i.e., parallel to q) and ʈ refers to directions parallel to the effective surface. The solutions for the transverse scattered sum frequency fields become 
ͪ, ͑23͒
where is the scattering angle, ␣ is the angle between k 1 and ͑k 1 + k 2 ͒, ␤ is the angle between k 1 and k 2 , and p͑s͒ refers to polarization parallel (perpendicular) to the plane of incidence. If we introduce angles 0,1,2 as in Fig. 2 Apart from a geometrical factor, this expression corresponds exactly to that found for a conventional surface sum frequency experiment (when the Fresnel factors 26 are neglected, which is essentially the Rayleigh-Gans-Debye approximation). The difference lies in the nature of the detection. In a surface sum frequency experiment one detects the whole SFG signal in the far field and has to take into account the illuminated area of the surface (resulting in an amplitude factor that scales with 1 / cos 0 ). In the scattering experiment only a small portion of the scattered field is collected, determined by the solid angle of detection.
For a given particle shape ⌫ ͑2͒ can be expressed in terms of the local susceptibility elements, the scattering angle and particle dimension (both contained in q). For an isotropic medium we only need to consider the surface contributions. For a spherical particle we can write
͑25͒
where the integral is over the particle surface, ␣␤␥ ͑2͒ are the elements of the local surface susceptibility, and e ␣,␤,␥ represent the unit vectors of the spherical coordinate system of the particle. The resulting expressions for the elements of ⌫ ͑2͒ are given in Table I for an isotropic spherical particle (for which ͑2͒ has only four independent elements 1 ).
C. Small index difference
One of the successful models, that has been used in the past to describe linear scattering, is the so-called WentzelKramers-Brillouin (WKB) approximation. 27 It can be applied to particles, which have relatively small refractive index contrast ͑␦n = n p − n m ͒ with the surrounding medium, i.e., ͉␦n͉ Ӷ 1. In the RGD approximation the electromagnetic wave is assumed to travel through the particle, without being modified in any way by its presence. It has been demonstrated that in linear scattering the most important refinement lies in the phase-shift that an electromagnetic wave experiences as it travels through the particle. 27 To embed this first correction in the RGD approximation, one can assume that the waves retain their parallel character, without changing direction or amplitude. Hence the phase on the directly illuminated half of the particle (the white area in Fig. 3 ) is exactly that of the incoming wave, whereas the phase of the outgoing wave (the grey area in Fig. 3 ) must be corrected by an amount ␦n i l i k i , where ␦n i is the refractive index contrast at the frequency of the ith wave, having wave vector k i and l i is the distance travelled by the wave inside the particle.
If we apply this to scattering by a spherical particle, the local field at the outer side of the surface can be written as
Effectively this restates that the wave becomes phase shifted as it exits the sphere. Namely, for k i · r Ͻ 0 (on the illuminated part of the particle) the two terms in the exponent cancel each other and
With the aid of Eq. (18) the effective surface polarizability of a sphere in the WKB approximation becomes
For a centrosymmetric sphere one can also use the symmetry of ͑2͒ upon inversion of the spatial coordinates, namely, 115106-6 ͑2͒ ͑− r͒ = − ͑2͒ ͑r͒.
The integral in Eq. (27) runs over the whole spherical surface and, thus, r can be replaced by −r. We can rewrite the integral as a half of the sum of these two forms (i.e., with r and −r). This gives
If we compare these expressions to the ones obtained using the RGD approximation it is clear that if the refractive index contrast ␦n i becomes appreciable and frequency dependent ␦n 0 ␦n 1 ␦n 2 , the scattered intensity in the phase matched direction ͑q =0͒ is not necessarily 0.
D. Correlated scattering
So far, we have considered scattering from only one particle. In general, even the linear-optical problem of light interaction with scattering media consisting of many scatterers could be very complex and could include such effects as weak localization of light and coherent backscattering. 28, 29 If scatterers are organized in a periodic structure, photonic band gaps can be opened. 30, 31 Here, we restrict ourselves to much simpler situations when scattering is weak so that one can neglect the effect of the scatterers on the wave propagation (i.e., one can ignore multiple scattering of the incident waves). For a system of many scatterers one has to take into account the fact that the phases of the scattered waves can become correlated. In the following we assume that the sample consists of N identical particles, which are spherically symmetric, i.e., their scattering field does not depend on their orientation. Furthermore, it is supposed that (linearoptical) scattering is weak so that one can neglect the effect of the scatterers on the wave propagation (i.e., one can ignore multiple scattering of the scattered wave).
We then have to sum up all the scattered waves E j . Given the assumptions mentioned above, these fields have the same amplitude but may possess a different phase that arises from a position-dependent delay of the fundamental fields and the varying path length of the scattered fields (the distance between the scatterer and the detector, ͉r 0 ͉). In the Fraunhofer zone (i.e., ͉r j − r k ͉ Ӷ ͱ ͉r 0 ͉) we can write for the scattered intensity,
where the brackets denote an ensemble average. This bracketed term is known as the structure factor S͑q͒ in x-ray diffraction. 32, 33 If the concentration of scattering particles is low there is no positional correlation between the emitted fields of the individual particles and the only nonzero contribution to the sum in Eq. (29) arises from terms with j = k. This means that we are dealing with independent scatterers and that the scattered intensity can be described by uncorrelated scattering, i.e., S͑q͒ = 1. Consequently, the total scattered intensity can be described by an incoherent sum of the scattered intensity of the individual particles. For a dense suspension, the particle positions become correlated, leading to correlations of the phases of the scattered fields, so that S͑q͒ 1. In a disordered (fluid) suspension the structure factor S͑q͒ will reflect the short-range order between the neighbors, while if the particles form a regular periodic structure (as in colloidal crystals, for example), the long-range correlation between the particle positions leads to development of the Bragg peaks in S͑q͒ at specific values of the scattering vector q.
Thus, the effect of particle correlations on nonlinear scattering is very similar to that in linear optics. However, an interesting aspect appears in the forward scattering, for q = 0. In linear scattering and diffraction extraction of useful information in the forward direction (q =0) is complicated due to the presence of the strong primary beam. In contrast, this is not necessarily the case for nonlinear scattering as one can directly measure the scattered field in the forward direction. At q = 0 the waves scattered by different particles have the same phase, which should lead to a development of a Bragg-type forward peak even in disordered structures without long-range order. For periodic (crystalline) arrangements of scattering particles comparison of the "true" Bragg peaks (at q 0) and the forward peak (at q =0) could open novel approaches to access information on e.g. long-range ordering from a nonlinear diffraction experiment.
As discussed above, the forward scattering intensity of a single particle could be very weak, which could complicate the observation of the forward nonlinear scattering peak. In the case of second harmonic generation ͑ 1 = 2 ͒ the intensity scattered exactly into the forward direction should vanish due to symmetry reasons. A forward SHG peak observed in Ref. 16 in transmission through a system of silicon nanoclusters in a silica matrix was associated with spatial inhomogeneities in the medium on length scales exceeding the wavelength or a gradient of the light intensity in a tightly focused laser beam. 17 Both explanations imply that the forward SHG peak must be broader than the angular width of the excitation beam, in agreement with experiment. 16 In the case of sum frequency generation ͑ 1 2 ͒ with a noncollinear excitation geometry, however, the symmetry does not forbid forward scattering from a single particle even if the latter possesses spherical symmetry. As shown in the preceding section and further illustrated in Sec. V, the forward scattering intensity remains finite for a finite refractive index mismatch.
As a final remark, we note that for given directions of the fundamental beams, q can be finite for any detection direction since its length (given by ͉q͉ = ͉−k 0 + k 1 + k 2 ͉) is determined by both the incidence angle and the refractive indices for each different wavelength. In this case the resulting intensity should depend on the sample thickness d in the direction at which q reaches its minimum value q min . For dq min Ӷ 1 the whole sample volume will coherently contribute to the forward peak. Otherwise, for dq min Ͼ 1, the intensity of the forward scattering will display beatings as a function of the sample thickness d.
IV. EXPERIMENT
To test the theory presented above we have performed infrared-visible sum frequency scattering experiments on colloidal suspensions consisting of submicron particles. Information about the local environment on the particle surface can be obtained by analysis of both the spectrum and the angle dependence of the spectral features. From the spectrum information about the local structure can be obtained, as the absence or presence of local inversion symmetry leads to distinct spectral features. 9 The angle resolved data can be used to extract information about the orientation. The sum frequency scattering experiments were performed using 10 J ͑120 fs͒ infrared (IR) pulses (repetition rate 1 kHz, FWHM bandwidth of ϳ180 cm −1 ) centered around 2900 cm −1 and 3.0 J, 800 nm visible (VIS) pulses with a 10 cm −1 bandwidth. The selectively polarized IR and VIS pulses were incident under a relative angle of 15°͑␤͒ and were focused down to a ϳ0.4 mm beamwaist. Note that the beam diameter at the focus is three orders of magnitude larger than the particle radius, so that field inhomogeneities across single particles are negligible. 16, 17 The scattered light was collimated with a lens, polarization selected and dispersed onto a gated, intensified charge coupled device (CCD) camera. 34, 35 The angular resolution was controlled by an aperture placed in front of the collimating lens and was typically 12°. The samples consist of dry stearic alcohol ͑C 18 H 37 OH͒ coated 36 silica particles 37 dispersed in CCl 4 (99.9%, Baker Analyzed) with radii ͑͒ of 342 nm, 123 nm, and 69 nm. The colloid volume fractions where, respectively, 5% ͑ = 342 nm͒, 4% ͑ = 123 nm͒, and 6.7% ͑ =69 nm͒. The sample cell consists of 2 CaF 2 plates separated by a 1 mm Teflon spacer. Figure 4 shows SFG spectra of stearyl-coated silica particles with radii of 69 nm, 123 nm, and 342 nm, respectively. Only two (ppp and ssp) polarization combinations are shown (top panel). The intensity ratio is very well reproduced by the RGD theory as witnessed by the bottom panel, which shows calculated scattered power over a solid angle of 12°(marked by the shaded area). The solid lines in Fig. 4 are fits to the data, obtained by convoluting the effective susceptibility ⌫ n ͑2͒ ͑ 1 ͒ with the electric field envelope of the upconversion pulse E͑ 2 ͒, 9,25,38,39
V. RESULTS AND DISCUSSION
where n refers to a vibrational mode, 0n is the resonance frequency, and ⌼ n the spectral half width at half maximum. The fits were obtained using all five well-known CH stretch resonances: 40 at 2930 cm −1 . The central frequencies were obtained from a linear infrared spectrum and a Raman spectrum of the same colloid sample. This fit procedure is justified, because for a given scattering angle, the transverse component of the scattered field is a linear combination of the components of the effective nonlinear spherical polarizability ⌫ ͑2͒ .
9 Figure 5 shows the scattered intensity for the symmetrical CH 3 stretch vibration ͉͑A sym.CH 3 ͉ 2 ͒ of the stearyl groups attached to the surface of the 342 nm and the 123 nm particles as a function of the scattering angle . As the contrast between the particles and the solvent is relatively small, we see that the RGD approximations provides a good description of the scattered field. Both fits were generated with the same values for the elements of the susceptibility tensor, namely, fractive index contrast of ␦n i = −0.1 (defined as the difference between the solute and the particle). For these values both approximations produce the same radiation pattern for the small ͑10 nm͒ particles. For larger sizes, the phase shift becomes significant and the scattering patterns start to differ. For relatively large particles ͑1 m͒ the difference becomes appreciable, especially at larger angles. This effect was also observed when the RGD and WKB approximation were compared in linear scattering experiments. 27 This shows that for samples like the stearyl-coated silica particles in CCl 4 the Rayleigh-Gans-Debye approximation is valid and that typically for micron sized particles one needs to take into account the phase shift that the waves experience as they travel through the particle. Figure 7 shows several calculations for the scattered SFG intensity as a function of the scattering angle for several refractive index contrasts. It shows that, in contrast to the Rayleigh-Gans-Debye approximation there can be scattered intensity in the phase matched direction if the index contrast increases. If we also take into account the notion that at this scattering angle the scattered intensity becomes proportional to the square of the number of particles in the suspension, we might expect a peak in the phase matched direction. In our experiments with colloidal particles dispersed in CCl 4 however, we were not able to observe a peak in this direction. This could be due to the small contrast in our sample (͉␦n͉ Ͻ 0.1 for all wavelengths 9 ) in combination with the relatively small radii. For a dried (drop-casted) sample of colloids we did observe a small signal in the forward direction. Due to a poor resolution we were not able to collect an angular dependent intensity plot. It does, however, corroborate our predictions.
VI. CONCLUSIONS
In conclusion, we have introduced the concept of an effective susceptibility to formulate a generalized treatment of nonlinear optical scattering. From simple symmetry arguments we can deduce selection rules that are independent of the properties of the scattering object. For sum frequency scattering in particular, we have considered limiting cases of small particle scattering, index matched (Rayleigh-GansDebye) scattering, small index contrast (Wentzel-KramersBrillouin) scattering and correlated scattering. We have compared these results to data from sum frequency scattering experiments and found that for particles with radii up to several hundred nanometers the RGD approximation generates a good description. Phase differences upon traversing the particle need to be incorporated for larger particles (for comparable refractive index contrast).
